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ABSTRACT
This report attempts to answer the question, "What shape web-section
cutout results in the least reduction in fully-plastic load-carrying capacity
per pound of beam weight?" The process used in arriving at a partial
solution is outlined below.
Data are presented on the elastic and fully-plastic behavior of 6061-
T6 aluminum alloy I-beams with various cutout configurations. A suf-
ficiently large number of tests were conducted using I-beams with
rectangular- and elliptical-shape web-section cutouts to establish the
validity of the mechanism method of analysis. The Upper Bound Theorem
was used to predict the fully-plastic loads. These tests included both pure
bending and center loading with various cutout lengths and spacings.
The results indicated that for a pure bending load there was little differ-
ence between the fully-plastic strength of I-beams with rectangular cut-
outs and with elliptical cutouts. For center loading, the elliptical cutouts
were much stronger.
The tests permitted the formulation of the failure mechanism in
mathematical form suitable for programming on the ILLIAC digital
computer. A series of cutout shapes were then investigated for a particu-
lar center-loaded I-beam of fixed length with one cutout in each half
span. The equation defining the cutout is expressed as
t+ u1( ±7 1
where u and v are the coordinates of the elliptic-type curves, a and b
represent the major and minor axes, and a and Pf are the variable ex-
ponents which determine the shape of the cutout.
The ILLIAC results predicted that a = P = 1, or a diamond-shape
cutout, would yield the greatest load-carrying capacity per pound of
beam weight. This result was verified by experiment for both 3-in. and
6-in. depth 6061-T6 aluminum alloy I-beams.
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I. INTRODUCTION
In the design of various structures it is desir-
able to be able to predict the fully-plastic load
carrying capacity of structural elements such as
I-beams. This knowledge permits a more precise
evaluation of the safety factor of the various com-
ponents.
It is frequently necessary to have web-section
cutouts in I-beams. These holes may be for access
or to allow the passage of electrical cables, air
ducts, etc.
Many reports are available which discuss the
elastic behavior of various structural forms con-
taining access holes of different shapes (see items
1 through 17 of the Bibliography). Recent emphasis,
however, has been placed on investigations of the
effect of inelastic action on the resistance of struc-
tural members to various types of loads. Experi-
mental data on the behavior of structural members
with access holes when loaded inelastically are
rather limited.
Failure theories have been developed which
make possible the relatively accurate prediction of
the inelastic load-carrying capacity of members.
According to Neal,(')* apparently the first paper
on the inelastic design of engineering structures was
published by G. Kazinczy in Hungary in 1914. In
1940, J. A. van den Broek published a paper in the
United States. The methods of calculating fully-
plastic collapse loads for complex structures were
not placed on a sound mathematical basis until
1949. At that time H. J. Greenberg and W. Prager
stated and proved the basic principles for calcu-
lating the fully-plastic collapse load. This material
was published in 1952. ( 2 )
Engineering design requires a careful correla-
tion of theory and experiment. When an inelastic
theory is available, it is necessary to conduct suf-
ficient tests to insure that the theory applies to the
* Superscripts in parentheses refer to corresponding entries in the
list of References.
particular material and geometry under considera-
tion. There are, however, far more compelling
reasons for conducting experiments on beams with
various cutout configurations. The prediction of
the deflections by inelastic theories is quite difficult.
The experimental results, on the other hand, yield
both elastic and inelastic load-deflection behavior.
The tests also reveal the various modes of failure
not predicted by the inelastic theory, such as in-
stability behavior or fracture. These modes of
failure are beyond the scope of the inelastic or
fully-plastic analysis, which assumes the develop-
ment of ideal, fully-plastic hinges.
However, the methods of fully-plastic analysis
served a useful purpose and were relied upon in
predicting desirable cutout contours in this study.
The predicted failure loads were verified by experi-
mental results for the most promising case.
1. Object and Scope of Investigation
The object of this investigation was to study
the effects of various web-section cutouts on the
elastic and inelastic load-carrying capacity of
aluminum alloy I-beams. Some beams were loaded
with center loading which caused combined shear
and bending. Other beams were loaded in pure
bending.
The report attempts to answer the question,
"What shape cutout results in the least reduction
in fully-plastic load carrying capacity per pound
of beam weight?"
This study was confined to one particular alu-
minum alloy which exhibited relatively flat static
tension and compression stress-strain diagrams in
the inelastic region, as well as high ductility. Tests
were first conducted with rectangular web-section
cutouts. The experimental results were then com-
pared with the Upper Bound Theorem procedure
for predicting the fully-plastic load-carrying capac-
ity of the members. After establishing that the
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analysis was in agreement with the experimental
data, elliptical cutouts were studied.
Tests with the elliptical cutout were conducted
with different ratios of shear to moment loading.
This variable was introduced for center-loaded
beams by changing the length of the span for a
given depth beam.
Following verification of the Upper Bound
Theorem as a sufficiently accurate method of pre-
dicting the fully-plastic load-carrying capacity for
both rectangular and elliptical web-section cutouts,
the theory was extended to include a general
elliptic-type curve. This study was confined to
I-beams which had one cutout on either end of the
beam. The equations were developed and pro-
grammed for the University of Illinois electronic
digital computer, the ILLIAC. This phase of the
project was intended to aid in answering the ques-
tion concerning the cutout shape which results in
the least reduction in the fully-plastic load-carrying
capacity per pound of beam weight. Following this
phase of the project, experimental tests were used
to substantiate the ILLIAC results for the best
cutout configuration.
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II. ILLIAC PROGRAMMING AND RESULTS
3. Failure Theory
The failure mechanism was determined by ob-
serving the failure of I-beams with rectangular
web-section cutouts and with elliptical web-section
cutouts.(4, , 6) A comparison was made between the
experimental load and the load obtained using the
Upper Bound Theorem procedure of analysis. ( 1, 2, 3)
It was then decided to use the simplest beam con-
figuration to determine the cutout shape which
would yield the greatest fully-plastic load-carrying
capacity per pound of beam weight. The nature of
the I-beam geometry which was selected appears in
Fig. 1, where the shape of the cutout and the shape
of the I-beam flange are shown, along with a num-
ber of the terms used in the analysis.
An extensive treatment of the mechanism
method of analysis using the Upper Bound The-
orem has been presented by Neal.0) He states,
"The method is to examine all possible collapse
mechanisms, writing down the work equation for
each mechanism and thus deriving the correspond-
ing value of the collapse load. The actual value of
the collapse load will then be the smallest value
thus obtained. . . ." This procedure establishes an
upper bound for the load.
A simple example, Fig. 2a, shows the failure
mechanism for a rectangular cross-section canti-
lever beam of varying depth. This figure will be
used to illustrate the procedure by which the the-
orem may be applied. First, it is assumed that a
fully-plastic hinge will form at some distance, I
from the load, P/2. The relation for the work done
flange area h  
2
T  y
t
I U neutral
b-v 7 t.  surface
Section B-B
by the load during a virtual linear displacement,
180, is then equated to the work done by the fully-
plastic hinge moment, Mp, during the correspond-
ing virtual angular displacement, 80. Thus (P/2)180
= M,80. Since the beam is tapered, the hinge loca-
tion, 1, is initially unknown. Several trials would be
necessary to establish the hinge location leading to
a cross-section and deformation geometry which
would result in a minimum load. For small angles,
the virtual displacements may be replaced by the
actual displacements since the geometric relations
are essentially linear. This principle can be ex-
tended to more complex geometric configurations,
such as Fig. 2b.
While the actual I-beams considered were loaded
as simple beams with a concentrated load at the
midspan, they may be represented as cantilever
beams fixed at the center and having an upward
Fig. 7. I-Beam Geometry Fig. 2. Beam Failure Mechanism
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load applied at the end. The assumed failure mech-
anism, Fig. 2b, was thus represented by four
fully-plastic hinges for each half of the simple
beam. The geometric relations which apply to Fig.
2b are those of the usual four-link mechanism so
familiar in machine design.
In programming the problem for solution on the
ILLIAC, the hinge locations were not known, so
initial hinge locations were read into the machine.
The program routine proceeded to shift the hinge
locations until minimum load was obtained, using
the Upper Bound Theorem procedure. The hinges
were shifted from the initial position in such a way
as to minimize the resulting load, P. The sequence
in the minimization process was to shift the lower
left hinge, then the lower right, the upper right,
and, last, the upper left hinge. In the process of per-
forming the minimization, calculations were made
to determine the area of the flange and the portion
of the web corresponding to a particular location
along the elliptic-type curve ±u- +( ) = 1.
In the above equation, it was assumed that the
sign of u and v would always be chosen so that the
quantity was positive. In addition, the location of
the fully-plastic neutral surface of section B-B,
Fig. 1 was determined as well as the centroidal
distances Vo and Vy.
Although not used in this report, the Lower
Bound Theorem may also be used in establishing
inelastic failure loads. Neal (' ) states this theorem
as follows: "For a given frame and loading, if
there exists any distribution of bending moment
throughout the frame which is both safe and
statically admissible with a set of loads W, the
value of W must be less than or equal to the col-
lapse load We."
4. Mathematical Relations
Most of the symbols used appear in Figs. 1 and
2b; the others will be defined as they arise. The
equations presented contain the numerical values
corresponding to the 6-in. I-beam.
The distance to the fully-plastic neutral sur-
face, Fig. 1, for the flange and portion of the web
of the 6-in. I-beam can be expressed as
The centroid of the lower portion of the web and
flange below the fully plastic neutral surface was
determined as
- 0.4297 - 0.2948v + 0.0543v2
Y =- 0.4446 
- 0.0575v
The cutout geometry was expressed mathemati-
cally as
(u '+(v 1a -
-
where it was understood that the + sign was
chosen so as to render (+ u) and (± v) positive in
all four quadrants. By means of the relation,
Nx = e x In
Equation 4 can be solved for v and expressed as
(±) In [1--e'(/e)]
v = be-
Equation 4 in the form of Eq. 6 could be solved
readily by means of a standard ILLIAC program.
From Figs. 2b and 4,
LI = U0 + U 2
L3 = u3 + u4
L 2
2 
= (us - u 3) 2 + (h - y 2 - y 3)
L 4 = (=u - u 4) 2 + (h - yi - Y4 )
2
(7)
(8)
(9)
(10)
6=6-0= 0 - tan- U U4 (11)
2= 1/ L4 2- (u - u4) 2
Equation 11, as well as Eqs. 13, 15, and 16, which
follow, were written in terms of tan- 1 since the
ILLIAC could not be programmed to solve sin- 1
or cos- 1 readily. S, was expressed as
S, = L 12 + L 2 - 2L1 L 4 cos 8 (12)
The angle -y was defined as
-Y + - 2 = sin-' Li sin S.T=TL+72=sin -
+ 1OS- [S 12±+L32 -L 2
2
+c os - 2LaS1 J
7=71i+7 2=
-tn F S12+L 2 -L 12  -1
Stan 4L 2 S - (S2 +L 42 - L 12 ) 2
y = 0.2933 - 0.0370v
Since the portion of the flange above the neutral
surface was essentially rectangular, the centroid of
this portion was expressed as
yo = y/2 = 0.1467 - 0.0185v
[ V 4L 2S - (S2 32 - L2 2)+tan -  12 +L 32 -
S2 was expressed as
S,2 = L32 + L 42 - 2LaL 4 cos 7
I (13)
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Using the above relations, the hinge angles were
computed with 04 = 0=0.1 radian, an arbitrary
value which approximates the actual measure-
ments for the beams. Likewise, using the trans-
formation from cos-1 to tan -1 as in Eq. 13,
2 Uo 2 -t3 2-
L1[ 2 22 2 L 2
tan- L 2 L22 -S 2  ] (15)
4L12L22 - (L 12 + L22 - 22 )2
03 = Io - P = Itan- L 2 ( 2- U
[ V L 2 2(L ui2 1
+tan L 22+L 
2
-S 1
2  ] (16)[\/•4L2 2L2- (L 22 + L32 - S12)2,
04 = o-Y-Y = -Y+8- (17)
In Eqs. 11, 15, 16, and 17 the 0 subscript
indicates the magnitude of the angle in the unde-
formed position. In addition to Eqs. 11 through
17, the following equation was used.
AfTr = Flange area plus web area = Ay+t(b - v)
= 1.3077 +0.23(2.25 - v) (18)
where Af is the flange cross-sectional area at u = 0
and t(b-v) is the web cross-sectional area added
as shown by Fig. 1.
When the work done by the four fully-plastic
hinges is equated to the work done by the load,
P/2, the following relation results,
S[L10 + (a + - u2- ) (0 - -)]
= E A (yo + yi)] (19)
where n denotes a particular hinge and a is the
average of the tensile and compressive fully-plastic
strength as shown in Table 3. The values were
-=46,100 psi and 42,300 psi, for the 3-in. and
6-in. I-beams, respectively. The compressive values
were obtained at an arbitrary deformation of 0.025
in. per in., for columns with flat ends having an
l/r ratio of approximately 15.
The Upper Bound Theorem makes use of the
principle that the work done by the external forces
during a virtual linear displacement is equal to the
work done by the internal moments during a
virtual angular displacement. In developing Eq. 19
it was assumed that since the angular displace-
ment 0) is very small, the virtual angular displace-
ments of 4,2, 4,3, and 4,4 are essentially linear
3-in. I-Beam
Tension Tests
Compression Tests
Tension and Com-
pression Average
6-in. I-Beam
10.20
10.16
10.47
10.46
10.39
10.31
Tension Tests 10.40
10.25
Compression Tests 10-35
10.35
10.90
10.75
Tension and Com-
pression Average 10.48
Elliptical and
3-in. I-Beam
Tension Tests 10.7
10.3
Compression Tests 10.8
10.5
Tension and Com-
pression Average 10.6
40,200
39,900
39,100
38,800
39,000
39,500
43,100
43,000
44,600*
44,300*
44,300*
43,700
36,300 39,800 15.0
36,000 39,600 16.5
36,800 45,100* ....
36,800 44,800* ....
35,900 42,900* ....
35,800 44,900* ....
36,300 42,100 ....
Diamond-Shaped Cutouts
39,800 45,800 16.0
40,300 46,000 16.0
39,900 45,700* ....
39,900 46,900* ....
40,000 46,100 ....
6-in. I-Beam
Tension Tests 10.3 38,100 41,300 16.0
10.0 37,800 41,700 18.0
Compression Tests 9.9 37,500 42,900* ....
10.4 37,900 43,100* ....
Tension and Com-
pression Average 10.2 37,800 42,300 ....
* Compressive Ultimate Strength based on a deformation
in./in. and specimen column ratio of approximately 15.
Table 1
Static Tension and Compression Test Results
Modulus Yield Ultimate Elonga-
of Elas- Strength Strength, tion,
ticity, 0.2% psi %
psi, offset,
xl 0 1  psi
Rectangular Cutouts
functions of the virtual angular displacement of 01.
Thus the external work could be equated to the
internal work.
ILLIAC solutions were obtained with Eq. 19
in the form
/ P a  [ 2 L 6 + a T (2I , + i)
L1 + (a + U2) (-42)
as illustrated in Table 4.
The ILLIAC results were in turn multiplied by
a and divided by the weight of the beam between
the lower loading points. The following equations
were used for determining the weights for the 3-in.
and 6-in. I-beams, respectively.
W = (4a+2q)w-2 (Area of one cutout)
• (t) (0.098 lb/in.3), lb.
For the 3-in. I-beam
a = 3.75 in., q = 1.5 in.,
w = 0.1633 lb/in., t = 0.17 in.,
W = 2.94 - 0.0333A,, lb
where A. is the area of the cutout.
For the 6-in. I-beam
a = 5.0 in., q = 2 in.,
w = 0.3583 lb/in., t = 0.23 in.,
W = 8.60 - 0.0451Ac, lb.
(21)
Reduc-
tion of
Area,
%
46.6
46.5
51.4
50.5
42.4
40.5
45.0
49.5
of 0.025
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u
(a) Typical curves for a=,&
(b) Typical curves for a,1,0
Fig. 3. Elliptic-Type Cutout Geometry for
The area enclosed by Eq. 4 may be repre-
sented (7) bv
A, = 4ab
Table 2
ILLIAC Results for 3-In. I-Beams
All values apply for a=3.75 in., b=0.875 in., (a+q/2) =4.50 in.,
09= 0.1 rad., = 46,100 psi.
U1 U2 U3 U4 /0 P/W
1.0 3.68 3.68 3.16 2.56 7.44 3610
1.2 3.14 3.32 2,62 2.52 8.75 3360
1.5 2.90 3.04 2.58 2.40 10.18 2940
2.0 2.90 3.00 2.72 2.58 11.68 2490
2.5 3.00 3.08 2.84 2.74 12.57 2230
3.0 3.08 3.14 2.96 2.86 13.14 2060
6.0 3.36 3.38 3.30 3.26 14.34 1680
8.0 3.44 3.46 3.40 3.36 14.55 1590
9.0 3.48 3.50 3.42 3.40 14.62 1560
1.2 3.38 3.52 3.84 2.52 8.11 3470
1.5 3.16 3.28 2.80 2.56 8 93 3240
2.0 3.10 3.20 2.84 2.68 9.92 2920
2.5 3.12 3.22 2.92 2.78 10.62 2700
3.0 3.16 3.24 2.98 2.86 11.16 2530
1.0 2.94 3.24 2.52 2.52 8.93 3400
2.0 2.96 3.08 2.74 2.58 11.00 2670
2.5 3.04 3.12 2.84 2.72 11.57 2490
3.0 3.10 3.18 2.94 2.82 11.99 2360
1.0 2.60 2.80 2.52 2.52 9.92 3110
1.5 2.78 2.92 2.56 2.52 11.00 2720
2.5 3.00 3.08 2.81 2.72 12.16 2340
3.0 3.08 3.14 2.92 2.82 12.51 2230
1.0 2.54 2.68 2.52 2.52 10.62 2860
1.5 2.76 2.86 2.56 2.52 11.57 2540
2.0 2.90 2.98 2.72 2.62 12.16 2360
1.0 2.54 2.66 2.52 2.52 11.16 2670
1.5 2.76 2.86 2.60 2.52 11.99 2410
2.0 2 90 2198 2 76 2 86 1 5;1 99n
All
a
1.0
1.5
2.0
2.5
3.0
6.0
9.0
1.0
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5
2.0
2.0
2.0
2.0
2.5
2.5
2.5
3.0
3.0
3.0
(24)
where r(N) =(N-1)!. The nature of Eq. 24 is
such that an interchange of a and 0f yields the
same area. Also, if a (or fi) is equal to unity the
equation becomes
. r R -I
Ac = 4ab
-. - LT P J
A  
= 4ab [ ] (26)
5. ILLIAC Results
Figure 3 indicates the shapes of some of the
curves which were investigated. Figure 3a shows
curves for a = )9 while Fig. 3b shows a few of the
other curves for which values of P/W were ob-
tained. In Fig. 3a the curve a = Pf = 0.5 was pre-
sented to show a possible shape of cutout, but one
which would be impractical because of high stress
concentrations. In these figures a = 2 and b = 1,
which does not correspond with the length to height
Table 3
ILLIAC Results for 6-In. I-Beams
values apply for a=5.00 in., b=2.25 in., (a+q/2) =6.00 in.,0=0.1 rad.,= 42,300 psi.
# u1 u2 u3 % Wt P/Removed PW
1.0 2.56 3.52 2.48 1.76 11.79 3870
1.5 2.64 2.98 2.64 2.30 15.88 2440
2.0 3.00 3.22 2.96 2.74 18.53 1880
2.5 3.28 3.44 3.24 3.08 19.94 1600
3.0 3.50 3.64 3.46 3.32 20.84 1430
6.0 4.18 4.24 4.14 4.08 22.73 1070
9.0 4.42 4.48 4.40 4.36 23.18 970
1.2 2.62 3.28 2.60 1.98 12.87 3280
1.5 2.78 3.26 2.74 2.22 14.15 3060
2.0 3.00 3.36 2.94 2.54 15.73 2610
2.5 3.20 3.48 3.12 2.80 16.85 2320
3.0 3.34 3.60 3.28 2.98 17.69 2120
1.0 2.22 2.66 2.28 1.92 14.15 2960
2.0 2.94 3.20 2.90 2.60 17.44 2160
2.5 3.16 3.38 3.10 2.84 18.34 1970
3.0 3.32 3.52 3.26 3.04 19.02 1830
1.0 2.34 2.64 2.38 2.08 15.73 2430
1.5 2.72 2.98 2.72 2.46 17.44 2090
2.5 3.20 3.40 3.16 2.96 19.28 1750
3.0 3.38 3.54 3.32 3.14 19.84 1640
1.0 2.50 2.72 2.50 2.28 16.85 2100
1.5 2.84 3.04 2.84 2.62 18.34 1860
2.0 3.10 3.28 3.06 2.88 19.28 1710
1.0 2.64 2.82 2.64 2.46 17.69 1890
1.5 2.96 3.12 2.94 2.78 19.02 1700
2.0 3.20 3.34 3.16 3.00 19.84 1580
ratio of either the 3-in. or the 6-in. I-beam cutouts.
However, it is nearly the same as the 6-in. I-beam
cutout which has a ratio of 2 to 0.9.
The condition a = fl = 1 led to abrupt changes
in cutout contour direction at u = a and v = b, and
thus to stress concentrations. However, the four-
link failure mechanism model, with which the
ILLIAC solutions were obtained, did not take
these stress concentrations into account. The stress
concentrations for a = fl = 1 were reduced by
using radii at the points u = a and v = b for the
test beam.
Stress concentrations which occur at abrupt
changes in cross-section in the elastic range of
. . . .
.
....... .b v
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Fig. 5. Load Capacity vs. Cutout Geometry,
6067-T6, 3-in. I-Beams
stresses exist to a lesser degree in the inelastic
range. These inelastic stress concentrations vary
in importance with the ductility and yielding
characteristics of the material. The more nearly
ductile the material, the less significant their effect.
The ILLIAC solutions appear in Figs. 4 through
7. Figures 4 and 6 present the hinge location data
for a = p, and Figs. 5 and 7 present the values of
P/W vs. a vs. p for the 3-in. and 6-in. I-beams,
respectively. The data are also presented in Tables
2 and 3.
These are not general curves, but apply only
to 6061-T6 aluminum alloy. It would be necessary
to divide by the reported values of oa and multiply
by the new values before these curves could be
applied to another alloy. Even then it would have
Fig. 7. Load Capacity vs. Cutout Capacity, 6061-T6, 6-in. I-Beams
Fig. 4. Hinge Location with a
for 3-in. I-Beams
P for 6-in. I-BeamsFig. 6. Hinge Locations with a
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Hinge No.
u, average
v, average
0.28344
0.03648v
y = 0.28344 -
yo = y/2
v'
0.03648v
0.05407v2
0.43868
® 0.05407v2 + 0.43868
® 0.29465v
® 0+ @
0.46268
0.05724vO 0.46268 - 0.05724v
yi = ®/®
(b - v) = (2.26 - v)
0.2288 (b - v)
Af
ArT, = A1 + 0.2288 (b - v)
(yo + ±i)n
AfTr (Yo + 0i).
+,, (radians)
»AfT/r.(y, + yi)n
"S PAfr. ({o + y.i) = 0.32983
--t
Table 4
Determination of Maximum Load for 6-In. I-Beam No. 7-D-1
1 2
3.00 3.34
0.90080 0.75620
0.28344 0.28344
0.03286 0.02759
0.25058 0.25585
0.12529 0.12793
0.81144 0.57184
0.04387 0.03092
0.43868 0.43868
0.48255 0.46960
0.26542 0.22281
0.21713 0.24679
0.46268 0.46268
0.05156 0.04328
0.41112 0.41940
0.52814 0.58844
1.35920 1.50380
0.31098 0.34407
1.34020 1.34020
1.65118 1.68427
0.65343 0.71637
1.07893 1.20656
0.07825 0.07250
0.08443 0.08748
(uI + u2) Di = (3.00 + 3.34) (0.07825) = 0.49611
[(a + q/2) - u2] (1 - '2) = (6.014 - 3.34) (0.07825 - 0.
Load Deflections Acalculated = Ac = ® + ® = 0.51149 in.
F* 42,300
P = - ArT. ( + yi)n = [0.32983] =
Ao n-L 0.51149
Load Deflection, Ameasured = Am = 0.55 in.
42,300 42,300
P = (0.32983) 4 2 3 0 0- (0.32983) = 25,370 lb
Measured beam depth = 6.02 in., b = 2.26 in.
to be established that the stress-strain curves had
a relatively constant stress level in the yield region
to comply with assumptions used in this analysis.
In Figs. 4 and 6 for a = 3, the hinges shift
toward the center of the beam as a = P is reduced
from 9 to 2. However, as the value of a = P de-
creases to 1.5 and to 1, the hinges again move out
for the 3-in. I-beam and u2 moves out at a = p = 1
3
2.05
1.34530
0.28344
0.04908
0.23436
0.11718
1.80983
0.09786
0.43868
0.53654
0.39639
0.14015
0.46268
0.07700
0.38568
0.36338
0.91470
0.20928
1.34020
1.54948
0.48056
0.74462
0.08095
0.06028
4
3.18
0.83480
0.28344
0.03045
0.25299
0.12650
0.69689
0.03768
0.43868
0.47636
0.24597
0.23039
0.46268
0.04778
0.41490
0.55529
1.42520
0.32609
1.34020
1.66629
0.68179
1.13606
0.08595
0.09764
0725) = 0.01538
27,280 lb
for the 6-in. I-beam. The results may be read more
accurately from Tables 1 and 2.
In Figs. 5 and 7 it is seen that the condition
a = 3 = 1 yields the strongest beam per pound of
weight of beam between the lower loading points.
The diagonal line a = /3 includes all of the condi-
tions for which tests have been conducted. The rec-
tangle is closely approximated by a = p = 9.
III. STATIC TENSION AND COMPRESSION TESTS
6. Material, Specimens, Apparatus, and Test
Procedure
Aluminum alloy 6061-T6 was used for both the
3-in. and 6-in. I-beams. However, the 3-in. beams
were rolled while the 6-in. beams were extruded.
All 3-in. I-beams were designated as 1.96 pounds
per foot with 0.17-in. web thickness, while all 6-in.
I-beams were designated as 4.30 pounds per foot
with 0.23-in. web thickness.
Standard static tension and compression test
specimens were used as indicated in Fig. 8. The
portions of the I-beam flange section from which
the tension specimens were obtained for the in-
vestigation of elliptic and diamond-shape cutouts
are shown. For the investigation of rectangular
cutouts, the tension specimens were taken from the
web section. The variation in tensile strength due
to this difference in location is believed to be small.
The compression test specimens were cut from the
portion of the I-beam where the flange and web
join in order to obtain a maximum test specimen
diameter. The length to diameter ratio was main-
tained as nearly as practical at 4 to 1.
Templin wedge-grips and a 2-in. gage length
were used in testing the tension specimens. The
tests were conducted at 0.05 in. per min head speed.
The compression test apparatus was essentially
the same as that described in ASTM Standards
1955, designation E9-52T. A 1-in. gage length was
used and the head speed was 0.05 in. per min.
7. Test Results
The static tension and compression test results
are summarized in Table 1. Both the static tension
and compression yield-strength values were higher
for the material used for the I-beams with elliptical
and diamond cutouts. The same trend was observed
for the ultimate strengths.
-- 825" -
225" 1'r
I"Rod W
I"Rad
Specimen cut from:
3"beam 6"beam
/= 0170" /=0230"
w - 0.750" w o 0750"
Tension
6"beam specimen
/ 75"1 ,
3"beam specimen
/160"-- T
O- 045"Q
1o"
Compression
Fig. 8. Static Tension and Compression Test Specimens
The compressive "ultimate" strength reported
in Table 1 was based on a deformation of 0.025
in. per in. While this value is arbitrary, its effect
on the predicted load-carrying capacity is small.
For example, at 0.04 in. per in. strain, the load
sustained by the compression specimen was 3.5%
greater than the value for 0.025 in. per in. strain.
The stress-strain diagrams for the static tension
and compression tests appear in Figs. 9 and 10,
respectively. The tension curves exhibit a relatively
flat inelastic region. The compression curves, how-
ever, continue to rise because of the dilation of the
specimen in compression.
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Fig. 9. Static Tension Stress-Strain Graphs
Strain in in'in. Strain in '"in
Fig. 10. Static Compression Stress-Strain Graphs
Strain in "/n Strai' in '"in
0 008 .008
IV. BENDING TESTS
8. Specimens, Apparatus, and Test Procedure
All 3-in. I-beams had cutouts with a height of
1.75-in., while all 6-in. I-beams had cutouts with
a height of 4.5-in. These heights were sufficient to
remove the web section to the point at which the
flange fillet radius began.
Beams were tested with rectangular, elliptical,
and diamond-shape cutouts. The corner radii for
the rectangular cutouts were 0.4375 in. and 0.5 in.
for the 3-in. and 6-in. I-beams, respectively. These
radii resulted in an elastic stress concentration fac-
tor of 1.2 or lower. The end radii used for the
diamond-shape cutouts, which exhibited flange fail-
ures, were 0.0781 in. and 0.25 in. for the 3-in. and
6-in. I-beams, respectively. All cutouts were made
on a milling machine.
The complete series of beam tests with elliptical
web-section cutouts appears in Fig. 11. This figure
T Q
4 OO0000i
SoooooooO.
6J CD CD (LD C_I
4 -?^^
6" beam 6061-T6
3"1 beam 6061-T6
3 -C
5-
Fig. 11. Outline of Bending Test Program
shows a typical test program similar to the program
conducted for rectangular cutouts. The beams with
rectangular web-section cutouts appear in Figs. 15
through 25. The individual tests of beams with
elliptical web-section cutouts appear in Figs. 26a
through 28f while Fig. 36 shows the individual tests
of beams with diamond-shape cutouts.
A 200,000 lb Olsen universal testing machine,
equipped with horizontal extensions on the weigh-
ing head, was used for all beam tests. The arrange-
ment of the loading apparatus, dial gages, and
lateral supports appears in Figs. 12, 13, and 14.
Figure 12 shows the pure bending apparatus. The
specimen was mounted on rollers at either end and
at the quarter-points. A steel ball was used to
transfer the load from the loading head to the
loading beam. Dial gages were mounted at the
center and quarter-points and one or two-dial
bridges were attached to the beam to determine
the deformation behavior over shorter spans. A
front view of the apparatus used for center loading
appears in Fig. 13. The lateral supports may be
seen in the side view in Fig. 14. In order to reduce
the effects of friction, the lateral supports were
lubricated with SAE 30 oil for all beam tests.
The loading speed was 0.03 in. per min. In the
range of load where pronounced yielding occurred,
one to two minutes was allowed to lapse after each
loading period before taking the load reading. This
interval was sufficient for the entire beam to reach
a nearly stable state where the rate at which the
load was falling was negligible.
The 3-in. and 6-in. I-beams with elliptical and
with diamond-shape web-section cutouts tested
with center loading were coated with bluing dye
and scribed with grid lines on the web sections
using 0.10-in. spacing. These lines, which were
initially straight, may be seen on the enlarged sec-
tions in Figs. 30 and 33. Figures 35 and 37 show
the deformed grid lines for the diamond cutouts.
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Fig. 12. Pure Bending Apparatus, Front View
The grid lines served two functions. They were
used to establish coordinates for taking micrometer
readings to determine the actual machined shape
of the cutouts. For the ellipse, measurements were
taken at 1.0, 0.5, 0.3, or 0.2-in. intervals, depending
on the slope of the elliptical contours in the partic-
ular region. The other function of these grid lines
was to establish an idea of the deformation be-
havior of the failure mechanism. This function is
clearly seen in the enlargements. The lines were
scribed to such a shallow depth that it was as-
sumed they had very little effect on the ultimate
load-carrying capacity or on the mode of failure
of the various beams.
Tests were conducted with 3-in. and 6-in.
I-beams having various lengths of cutouts and
various widths of uprights. The uprights constituted
the web material between adjacent cutouts. The
I-beams of a given depth were proportioned so
that the same weight of material per foot of beam
length between loading points was removed from
the web section for all of the cutout shapes in a
given series. The weight reduction resulting from
the removal of this material appears in Table 6
under the heading, Weight Removed, %.
The test program consisted of three major
phases. First, rectangular, then elliptical, and last,
diamond-shape web-section cutouts were investi-
gated. The tests are discussed in this sequence.
9. Rectangular Cutouts - Pure Bending
The sections of the upper flange above the cut-
out failed by buckling under pure bending loads.
Since the flange sections were partially fixed-end
columns, it was necessary to establish an end-
restraint factor, K. A thorough treatment of the
behavior of columns with intermediate values of
slenderness ratios and various end conditions has
been presented by Shanley. (" Calculations based
on the failure load of 3-in. I-beam 2 indicated
that the flange behaved as an Euler column. This
flange was thus used as a reference to establish the
factor K for 3-in. I-beams 3 and 5 as well as for
6-in. I-beam 1. The effective length, Xe, of the flange
section was taken as the cutout length, A, minus
twice the fillet radius, r, plus 2r sin 150. That is, the
effective length was assumed to be located 150
along the fillet on each end. This lead to the effec-
tive length relation, Ae = (A - 1.48r). Using this
effective length the value of K was calculated as
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Fig. 13. Center Loading Apparatus, Front View
0.64. The tangent modulus column equation, ob-
tained by replacing E by Etan in the Euler column
equation, was used in making load calculations
for the other three I-beams. Values of Etan were
obtained from bulletin ANC-5. ( 10 )
Because 3-in. I-beam 2 was used in computing
K, the ultimate load reported in Table 5 agreed
Fig. 14. Center Loading Apparatus, Side View
exactly with the ultimate test load. Reasonable
agreement between the test load and the predicted
load was indicated for 3-in. I-beams 3 and 5. Figure
19 shows the mode of failure of 3-in. beams. The
test load for 6-in. I-beam 1 was substantially lower
than the predicted load because the beam failed
due to lateral instability and did not develop a
true column failure in the upper flange.
The load-deflection behavior for the above
* - .005 .00 .01/5 020 .025 .030
S-6061- T6
_ 3" I-beam no. 2
•*  ' L, ° L,
ao° .2 .4 .6 .8 /0 12
Deflection in inches
Fig. 15. Load-Deformation Behavior for 3-in. I-Beam No. 2,
Rectangular Cutouts
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Proportional Ultimate
Limit Load, Load From
lb Test,
lb
Beam No.
3-in. No. 1
2
3
5
4B
7
6-in. No. 1
2
3
3-in. No. 1
2
3
4
5
6
7
6-in. No. 1
2
3
4
5
6
7
3-in. No. 7-D-1
7-D-2
6-in. No. 7-D-1
9,000
4,040
7,250
8,200
3,230
3,190
22,000
4,120
5,340
17,000
5,310
6,360
5,200
7,900
4,670
5,850
46,550
10,650
11,880
12,290
15,230
10,310
12,490
7,700
8,260
23,120
Table 5
I-Beam Test Results
Ultimate Load
Load From, ( Ultimate \
Theory, \Prop. Limit),
lb %
Rectangular Cutouts
9,350
4,040
7,300
7,940
3,350
3,200
24,300
3,800
5,290
Elliptical Cutouts
18,530
5,450
6,890
5,230
8,280
5,130
6,320
51,440
10,240
11,160
11,770
17,790
10,310
12,410
Diamond Cutouts
7,640
9,760
25,370
Mid-Point Deflection
Prop. Limit Ultimate
Load, Load,
in. in.
1.25
0.73
1.30
1.48
0.26
0.20
1.20
0.20
0.40
0.420
0.366
0.087
0.255
0.082
0.296
0.117
0.337
0.280
0.095
0.315
0.079
0.255
0.112
1.88
0.93
1.68
2.61
1.89
1.68
1.69
3.46
2.55
1.064
2.133
0.781
1.401
0.600
1.684
1.216
0.562
1.800
0.701
2.200
0.400
1.350
1.300
0.835
0.930
0.651
beams appears in Figs. 15, 16, 17, and 18. The
beam dimensions, the dial gage locations, and the
dial designation notation appear above each graph.
Deflection bridges were used on the lower flange
of the beam and the results appear in each graph.
The deflection of the center of the span and of the
quarter-points was also plotted.
The most interesting behavior pattern for 3-in.
I-beam 2 appears in Fig. 15 for bridge T,. The
curvature of the lower flange increased at a progres-
sively lower rate until just before failure when a
more rapid increase occurred. All other deflections
A,/
were linear functions of the load. The above be-
havior occurred for 3-in. I-beam 3, Fig. 16, except
that no change occurred near failure. For 3-in.
I-beam 5, the 6-in. bridge spanned part of two
cutouts while the dial rested under an upright. In
this instance the readings did not represent free
flange curvatures, and the results coincided with
the readings of the lower dials. All 3-in. beams
retained a linear load-deflection characteristic to
0 --- n
0* -.
8'
r)
.00/ .002 .003 .004
I,
10
005 (Y6
A-A,
/*,- /
6061- T6
.3"I- beam no. 3
t L, o L,
AL, * T,
o-0.- .4' .8 2 12.6 2•. 0
Deflection in inches
Fig. 16. Load-Deformation Behavior for 3-in. I-Beam No. 3,
Rectangular Cutouts
2
Ao-*- .8 16 2.4 3.2 40 "
Deflection in inches
Fig. 17. Load-Deformation Behavior for 3-in. I-Beam No. 5,
Rectangular Cutouts
7,200
3,300
6,000
6,600
1,100
1,550
18,500
1,500
2,000
13,600
3,400
3,600
2,950
4,200
2,400
2,400
33,000
7,000
6,900
7,500
7,800
4,650
4,600
4,000
4,200
12,800
Deflection,
Ultimate
\Prop. Limit/.
150
127
129
176
727
840
141
1730
638
253
582
898
549
737
571
1039
167
643
737
698
506
526
1161
759
930
566
-A
A-
/
I
*11/
1/-1~'
606/- T6
3"1- beam no. 5
A L, o L,A
L2 *7,
A,
-
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A
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Fig. 18. Load-Deformation Behavior for 6-in. I-Beam No. 1,
Rectangular Cutouts
approximately 85% of the maximum load. Six-in.
I-beam 1 exhibited load-deflection behavior similar
to that of 3-in. I-beam 5 with linear characteristics
to approximately 85% of the maximum load. The
data are summarized in Table 5.
10. Rectangular Cutouts - Center Loading
Two types of failure mechanisms developed
with center loading for both the 3-in. and 6-in.
beams. In the one type, Figs. 20 and 24, all but
one of the fully-plastic hinges developed in the
flange. Note that there is one more flange hinge
/.75" -_ /8"  
r o0.75"
+ T, d © ( n /l .625"
*0- n 0n0 n0O8 012 016 020
4
F*p /'^ /
* A
V AI
0~
6061- T6
3" I-beam no. 48
o L, a L,
* L, A i
Failure Mechanism
0 .8 .6 2.4 3.2
Deflection in inches
Fig. 20. Load Deformation Behavior for 3-in. I-Beam No. 4B,
Rectangular Cutouts
Fig. 19. Pure Bending Failures in 3-in. I-Beams,
Rectangular Cutouts
for the beam in Fig. 20 than for the beam in Fig.
24. In the other type, Figs. 21 and 25, the major
portion of the fully-plastic hinges developed in the
web-section uprights between cutouts. The geometry
of the first type is similar to the failure mechanism
of a Vierendeel truss. These structures have been
discussed extensively in the literature (see items
18 through 24 of the Bibliography).
The first failure mechanism developed when the
fully-plastic strength of the web section between
cutouts exceeded the fully-plastic strength of the
flanges. The photograph of 3-in. I-beam 4B appears
in Fig. 22, where it may be seen that a flange hinge
developed at each quarter span in the lower flange
for extremely large deflections. From the sequence
of the development of the hinge mechanism in the
upright and in the lower flange, it was apparent
that the fully-plastic strength was only slightly
greater for the upright than the lower web section.
In the case of 6-in. I-beam 3, shown in Figs. 23
0.375" -9" ' 9" .---Icm>lh , /" cmc
0.875" (
Deflection in inches
Fig. 21. Load Deformation Behavior for 3-in. I-Beam No. 7,
Rectangular Cutouts
/6 *,*-
S1* 606/- T6
.-' 6" I- beam no. I
8L, o L,
ft\' *' '.L, o L,
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ýA--=
/
I
A«o
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Fig. 22. Center Loading Failures in 3-in. I-Beams,
Rectangular Cutouts
and 24, the hinge failure was confined almost en-
tirely to the lower end of the upright between
cutouts.
For both the 3-in. and 6-in. beams, the various
panels deformed as parallelograms so that the end
upright remained essentially vertical during de-
formation while the quarter-span upright rotated
about its base. The bending moment varies linearly
from zero at the outer end of the beam to a maxi-
mum at the center of the span while the vertical
shear remains constant. Since the flange sections
in the middle half of the beam were subjected to
a greater moment, and since this value was great-
est adjacent to the center upright, the flange sec-
tions failed by general yielding in that region first.
General yielding followed in the flanges adjacent
to the quarter-point and, last, in the end uprights.
The ultimate loads from theory reported in
Table 5 were predicted on the basis of the develop-
ment of six fully-plastic flange section hinges and
one fully-plastic web-section hinge in each half of
the beam, taking into account the attendant de-
formation geometry. The geometric considerations
included an estimate of the point at which the
6" 
- 12" 12" "
Deflection in inches
Fig. 24. Load-Deformation Behavior for 6-in. I-Beam No. 3,
Rectangular Cutouts
Fig. 23. Center Loading Failures in 6-in. I-Beams,
Rectangular Cutouts
fully-plastic hinge developed in the uprights. The
location of the hinge varied. In some instances it
occurred in the fillet at the end of the cutout. In
other cases it occurred in the region away from the
fillet. The Upper Bound Theorem was applied to
obtain the estimated loads. The technique was simi-
lar to the outline in Section 4. In the present case,
however, the procedure is far more complex, as it
was necessary to try several failure mechanisms
which would be possible with the geometry involved
and determine the mechanism which led to the least
load. For example, a mechanism which assumed
that the truss deformed strictly as parallelograms,
and thus had eight fully-plastic flange hinges with
no web hinges, led to a higher load. Of all the
failure mechanisms which were tried, the one pre-
sented resulted in the least load and agreed with
the observed geometry.
The results in Table 5 for I-beams with rec-
tangular cutouts show close agreement between the
calculated load and the test load. The agreement
is adequate to give confidence in the procedure
when carefully used. A word of caution is appro-
05 H--12"--'-1 -,2"-
.4i .35wt) ^(
Deflection in inches
Fig. 25. Load-Deformation Behavior for 6-in. I-Beam No. 2,
Rectangular Cutouts
Bul. 448. INELASTIC BEHAVIOR OF ALUMINUM ALLOY I-BEAMS WITH WEB CUTOUTS
priate here, however. Extreme care must be taken
in evaluating all dimensions, and considerable in-
sight into all possible geometric configurations is
necessary to insure that the correct mechanism, the
one giving the lowest load, has been visualized.
Any other assumed mechanism could lead to an
unsafe load. This is one weakness of the Upper
Bound procedure. However this weakness is more
than offset by saving in time and effort involved
as compared with the application of the so called
Lower Bound Theorem and procedures.(" )
The other failure mechanism mentioned at the
beginning of this section, and displayed in Figs. 21
and 25, involved the development of fully-plastic
hinges at the top and bottom of each web-section
upright, accompanied by flange hinges adjacent
to the center upright. Several other geometric con-
figurations, including those which assumed the de-
formation of the beam in the shape of a curve,
were analyzed to arrive at the mechanism resulting
in the lowest load. The comparison of the test load
and the calculated load for 3-in. I-beam 7 and for
6-in. I-beam 2 appears in Table 5.
The load-deflection behavior for 3-in. I-beams
No. 4B and 7, as well as for the 6-in. I-beams 3
and 2, appear in Figs. 20, 21, 24, and 25, respec-
tively. As in the case of pure bending, the dial gage
S-0-0 .02 .04 .06 .08
24
16
8
0
AAO-,- 0
Deflection in inches
A L, o T,
1L T,
locations and designations appear on the beam
sketch above the graph. The deviation from the
linear load-deflection relation occurred at 34.0, 48.5,
37.5, and 44.6% of the maximum load for 3-in.
I-beams No. 4B and 7 and for 6-in. I-beams 3 and
2, respectively. The elastic deflections represented
13.0, 11.9, 5.8, and 15.6% of the ultimate-load de-
flection for the above beams.
The load-deflection diagrams show clearly that
these beams had the ability to sustain large deflec-
tions at a nearly constant load near the ultimate
load. The inverse curvature of the load deflection
diagram for the 6-in. deflection bridge on 6-in.
I-beam 3, Fig. 24, was due to the development of
fully-plastic hinges, which resulted in the release
of the positive curvature of the flange section to
which the bridge was attached.
11. Elliptical Cutouts - Pure Bending
The pure bending test specimens with elliptical
cutouts were only half as long as the equivalent
specimens with rectangular cutouts. The cutout
lengths and spacings were the same for both series
of tests, however.
The 3-in. I-beam with elliptical cutouts failed
by general yielding of the upper flange, Fig. 29,
Beam 1. An unusual geometric pattern developed
-Q
0
-J
6AC
Deflection in inches
(a) 6061-T6, 3"l-beam no. / (b) 6061-T6, 6" I - beam no. /
Fig. 26. Load-Deformation Behavior for 3-in. and 6-in. I-Beam No. 7, Elliptical Cutouts
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Fig. 29. 3-in I-Beam Failures: No. I in Pure Bending,
Others with Center Loading
along the lower flange of this beam. Between the
uprights, at the point where the flange section had
the least depth, the flange was deflected upward
0.01 to 0.015 inches. Sections away from the mini-
mum flange depth had neutral surfaces which were
progressively farther from the outer surface of the
I-beam. The axial forces acting through the elastic,
partially inelastic, or fully-plastic neutral surfaces
of the particular sections away from the minimum
section, were not collinear. Therefore, the weaker
sections tended to deflect upward in order to allow
the forces, which acted through the neutral surfaces,
to become collinear.
Local buckling of the solid web section above
the end loading pads for the 6-in. I-beam had to be
inhibited by clamping steel plates on the sides of the
web-section. These plates extended 6-in. from the
end of the beam. The 6-in. I-beam failed by buck-
ling of the web section under the upper left loading
block, Fig. 32, Beam 1. This failure was followed
by local bending of the upper flange in the region
just to the right of the buckling failure. Because of
the nature of the cross-section in this region, solid
web-section material extending to the left and the
elliptical shape to the right, it was not practical to
develop an expression for the theoretical failure
load. Different widths of the upper loading pad
might have altered the failure of these I-beams.
However, the pad widths and positions were main-
tained constant for both types of loading to avoid
introducing another variable.
The load-deformation behavior for the 3-in. and
6-in. I-beams in pure bending appear in Fig. 26,
along with diagrams indicating the designation and
location of each dial gage. Since 3-in. I-beam 1
failed by general yielding, there were no unusual
phenomena to be discussed in this case. The load
remained constant over a rather large deflection
Fig. 30. Deformation of Upright "B" of 3-in. I-Beam No. 4
range. The effect of the web-section buckling that
occurred below the upper left loading pad at the
ultimate load for 6-in. I-beam 1 is seen in Fig. 26b,
where the load dropped abruptly.
The unusual deflection behavior measured by
the 6-in. bridge was due to the tendency of the
upper flange sections to arch upward over a cutout
in the middle of the span. This arching effect was
produced by the same phenomenon which caused
the bending away from the outer surface of the
beam on the tension side of the member discussed
earlier. In this case, however, the eccentricity of the
neutral surface of successive sections promoted
arching away from the common neutral surface
line due to the compressive forces. The bridge first
registered an increase in curvature, followed by a
decrease in curvature as the arching effect became
prominent. However, the deflection increased again
when the local failure of the flange near the left
upper load permitted a release of the compressive
strains in the upper flange of the beam.
The predicted failure loads, listed in Table 5,
for the above beams were obtained by assuming
that a fully-plastic hinge was developed at the
minimum section in a cutout adjacent to a quarter-
point load. The hinge consisted of the upper flange
which was in compression and the lower flange
which was in tension. Moments developed within
the individual flanges were assumed to be negligible
in these calculations. The 3-in. and 6-in. I-beams
carried 104 and 106% of the load carried by the
equivalent I-beams with rectangular web-section
cutouts discussed earlier.
1 2. Elliptical Cutouts - Center Loading
The failure mechanisms which developed in the
inelastic load range are shown in Figs. 27a through
28f. Two types of failure mechanisms developed:
shear failures represented by the web-section paral-
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Fig. 32. 6-in. I-Beam Failures: No. I in Pure Bending,
Others with Center Loading
Fig. 37. Center Loading Failures of 3-in. I-Beams
lelograms and bending moment failures represented
by the yield wedges which formed fully-plastic
hinges as in the flange and in the end web section
(Fig. 27a). In addition, buckling failures developed
in the uprights for 3-in. I-beams 3 and 5, and for
6-in. I-beams 2, 3, 4, and 5. A view of the buckling
failure for 3-in. I-beam 5 appears in Fig. 14. This
beam sustained the highest load for center loaded
3-in. I-beams with elliptical cutouts.
Of all of the beams tested with elliptical cut-
outs, only 3-in. I-beams 2, 3, and 4 exhibited shear
failures in the web section, see Fig. 27a, b, and c.
These failures resulted in complete separation of
the uprights indicated by A in Figs. 29 and 31.
The shear failures were sudden fractures. However,
the release of the resisting shear force did not re-
sult in any appreciable release in the load carried
by the beam. An enlarged view of upright B from
Fig. 29 appears in Fig. 30; grid spacing is 0.1 in.
The load-deflection relations, Figs. 27a through
28f, will now be considered. The scales for load
and for deflection vary from one graph to another.
The scales used for the 6-in. span deflection bridge
appear across the top of the load-deflection curves.
The scale factors were selected to give a suitable
horizontal scale in this case. Although the elliptical
cutouts in Fig. 28a and 1) appear to be circles, they
have a length of 5 in. and a height of 4.5 in.
All of the tests reported here had companion
specimens which were loaded in the same manner
but which had a shorter span length and a corre-
spondingly higher ratio of shear to bending moment.
The even numbers designated the long span speci-
mens in every case. The companion tests were 2-3,
4-5, and 6-7 for the 3-in. and 6-in. I-beams. The
span of specimen 5 is one-third the span of the
longer companion specimen. The span ratio was 2
to 1 for the beams 2-3 and 6-7. This should be
Fig. 33. Deformation of Upright "B" in 6-in. I-Beam No. 4 Fig. 34. Center Looding Failures of 6-in. I-Beams
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remembered when comparing the values for mid-
point deflection from Table 5.
Some insight into the nature of the failure,
whether by formation of the plastic hinges or by
buckling of an upright section under a loading
point, can be gained by observing the slope of the
load-deflection curve just prior to the ultimate
load. For all long spans the slope of the curve
changes very gradually, indicating the progressive
development of inelastic hinges and inelastic shear
regions. It is evident for both 3-in. and 6-in. I-
beam 5 that the load-deflection curve rises very
rapidly up to the point of failure. This behavior
was due to buckling of the web-section material.
The behavior of the load-deflection reading for
the 6-in. I-beam 4 deflection-bridge, T1, may be
interpreted as follows: The upper flange first de-
formed downward as the beam deflected, then, as
hinges began to develop in the uprights between
the cutouts, the section of the beam in this region
started to relax, and decrease in curvature. More
precisely, the three points constituting the ends of
the bridge and the center of the bridge were again
on a straight line. While this condition could have
occurred without having a straight section between
these points, the section was essentially straight.
This reverse in curvature can be seen in Fig. 28c.
In the same way, the impending failure of the web
section for 3-in. I-beam 3, Fig. 27b, can be seen
from the reversal of the load-deflection curve for
the 6-in. deflection bridge.
The column heading Load, Ultimate Divided by
Proportional Limit in Table 5, represents the ratio
of the ultimate load-carrying capacity to the elas-
tic load-carrying capacity in percent. When pre-
sented in this manner, these figures represent the
reserve load-carrying capacity up to the point of
complete structural failure. In all cases the shorter-
span specimens had a greater reserve load-carrying
capacity than their respective longer-span com-
panion specimens.
Of the various geometric configurations of the
long beams with elliptical cutouts, 3-in. I-beam 2
and 6-in. I-beam 4 exhibited the greatest load-
carrying capacities. These beams also experienced
the greatest ultimate-load deflections (see Table 5).
The values of the ultimate load from the
theory for elliptical cutouts, reported in Table 5
for 3-in. and 6-in. I-beam 2 through 7, were ob-
tained using the Upper Bound Theorem as dis-
cussed in Section 4. The mechanism analysis
assumed the energy to be dissipated either in fully-
plastic hinges or in shear deformation regions.
Careful study of Fig. 33, which represents upright
B of 6-in. I-beam 4 in Fig. 32, reveals that there
is a band of distorted material approximately five
grid lines in width, indicating a nearly pure shear
failure. The grid lines in the regions on either side
of this band form nearly true rectangles while the
lines inside the band form parallelograms. These
two regions indicated an interaction effect between
shear and moment. A calculation of the energy
dissipated in the upright, however, revealed that
there was a negligible difference in computed values
obtained by assuming the energy to be distributed
in shear and in bending and by assuming that two
fully-plastic hinges existed, one being in the upper
and the other in the lower portion of the upright.
The failure mechanism appears in Fig. 28c.
All 3-in. I-beams 2 through 7 developed hinge
mechanisms. The shear mechanism was used in
addition to the hinge mechanism for 3-in. I-beams
2, 3, and 4. The shear deformation regions which
developed in the upright between loading points
predominated over the tendency to develop hinges
in these regions. All 6-in. I-beams 2 through 7
developed hinge mechanisms only. The middle up-
right under the center load developed no mecha-
nism but the end upright over the end load
developed hinge mechanisms for 3-in. and 6-in.
I-beams 2, 3, and 5.
The application of the mechanism analysis
using the Upper Bound Theorem for the I-beams
with elliptical web-section cutouts was extremely
complex in terms of the computations involved.
The complexity was caused by the varying width
of web section in the uprights and particularly by
the varying depth of flanges and web sections
which constituted the sections participating in the
development of fully-plastic hinges.
The flange above or below a cutout was a "T"
section. The depth of the "T" section changed as
the hinge was located at various points along the
length of the ellipse. This factor was also dis-
cussed in Section 4.
The values of ultimate load from theory appear
in Table 5. The percent deviations from the test
load, using the test load as a reference, for 3-in.
I-beams 2 through 7 were +2.6, +8.3, +0.58,
+4.8, +9.8, and +8.0%. The percent deviations
for 6-in. I-beams 2 through 7 were -3.9, -6.5,
-4.2, +16.8, 0, and -0.64%. No interaction
effects were considered, and these effects may ac-
count for the consistent deviation on the high side
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2. Equating the compressive force to the shear
force at B in Fig. 35, one obtains:
p = 4tq (h - 2y) r
2a+q
Fig. 35. 3-in. I-Beam Failures Under Center Loading,
Diamond-Shape Cutout
for the 3-in. I-beams and on the low side for the
6-in. I-beams. There were insufficient interaction
data to draw any conclusions concerning this effect
in either set of tests. The one exception is 6-in.
I-beam 5, which exhibited pronounced buckling of
one of the end uprights.
13. Diamond-Shape Cutouts - Center Loading
This program was initiated with the knowledge
of the ILLIAC solutions which predicted the
diamond-shape web-section cutouts to be the
strongest in terms of load-carrying capacity per
pound of beam. The ILLIAC solutions applied
only to 3-in. and 6-in. I-beams with the same
dimensions as beam type 7 of the elliptical-cutout
test program. (Thus, the beam designated as
7-D-1 indicated beam type 7, diamond-shape web
section cutouts, specimen 1.)
A pilot test of 3-in. I-beam 7-D-1 was con-
ducted using a diamond-shape cutout with very
small end radii. The strength of the beam was so
great in bending, however, that a shear failure
mechanism developed at the right end, see B in
Fig. 35. The failure line extended from the end of
the cutout to a point at the extreme right, approxi-
mately 0.5 inch below the horizontal center line.
A simplified analysis of the above beam failure
was obtained by passing a vertical section through
the beam at the center of the right cutout. Appli-
cation of the moment equation, with the assump-
tion that the flange moments could be neglected
and that a compressive force, C, acted at the upper
flange, led to the following:
C (h - 2y) =(a+- ) P (27)
The terms in Eq. 27 are identified in Figs. 1 and
where r is the average shear strength and is re-
ported"8) as 25,000 psi. Equation 28 yields P =
7,640 lb as compared with a failure load of
P = 7,700 lb.
Because of the mode of failure of this beam and
the excellent agreement with Eq. 28, the mechanism
analysis was not applied. However, a second test
with 3-in. I-beam 7-D-2 was conducted with the
end throat length increased one-third, from 1.5 to
2.0 inches. The increase in the end throat length
resulted in the development of a true four-link
hinge failure mechanism as shown in Fig. 2b. The
fully-plastic load was not realized, however, since a
tear developed in the web section just above the
arrow at A in Fig. 35. This accounted for the sud-
den drop following the maximum load as shown in
Fig. 36b. The increase in each throat area was
achieved by maintaining the same distance between
loading points, retaining the same shape of cutout,
drilling a hole at either end of the diamond and
adding 0.25 in. on each end of the I-beam. The
hole had a 0.0781-in. radius which left 0.25 in. of
solid material inside the point u = a = 3.75 in. A
radius of 0.0625-in. was used at v = b = 0.875 in.
This preserved the shape of the diamond, moment
arms, etc. The decrease in the area of the cutout
resulting from the end radii was 0.55%.
A similar modification was applied in turn to
6-in. I-beam 7-1)-l using a 0.25 in. radius at either
end of the diamond. A radius of 0.0625-in. was
used at v = b = 2.25 in. The decrease in the area
of the cutout resulting from the end radii was
0.60% for this beam. This modification was justi-
fied since the beam carried an ultimate load of
23,120 lb; applying Eq. 28 to this beam (with-
out increasing the throat area), and using the re-
ported (8 ) value of shear strength r = 24,000 psi,
yields a load P = 20,500 lb. Thus, this beam would
have failed by shear if the end throat area had not
been increased.
The load-deflection behavior for the three I-
beams with diamond-shape cutouts appears in Fig.
36. A photograph of the deformation behavior for
6-in. I-beam 7-D-1 is shown in Fig. 37. The 0.1 in.
grid lines depict the deformation behavior. The
results of the tests with diamond-shape cutouts
appear at the bottom of Table 5.
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Table 6
Comparison of Results for Constant Cutout Length
Cutout Shape
Proportional Limit Load, lb
(Test
Ultimate Load, P, lb ICalculator
ILLIAC
SUltimate Test Load 1
Proportional Limit Load), %
Weight Removed, %
Weight of Beam, W, lb
Test Load Capacity, (P/W)
ILLIAC Load Capacity, (P/W)
(P/W) Cutout %
S(P/W) Solid ,'
Mid-Point 1 in ]Prop. Limit Load
Deflection J ", Ultimate Load
(Ultimate Load Deflection
Prop. Limit Load Deflection %
Proportional Limit Load, lb
Test
Ultimate Load, P, lb Calculator
ILLIAC( Ultimate Test Load 1
Proportional Limit Load)
Weight Removed, %
Weight of Beam, W, lb
Test Load Capacity, (P/W)
ILLIAC Load Capacity, (P/W)((P/W) Cutout %
\ (PW) Solid/ '°
Mid-Point1 in Prop. Limit Load
Deflection f ' (Ultimate Load( Ultimate Load Deflection 1
Prop. Limit Load Deflection),' %
* Load obtained using desk calculator.
t Load obtained using ILLIAC.
Solid
14,000
18,150
22,600
130
0
2.940
6,170
100
0.108
0.231
214
38,000
44,820
69,800
118
0
8.60
5,210
100
0.108
0.144
133
A comparison of the two columns of ultimate
strength in Table 5 shows that the agreement be-
tween test load and calculated load is less favor-
able for 3-in. I-beam 7-D-2 and 6-in. I-beam
7-D-1 than for the beams with rectangular or
elliptical cutouts. The failure load calculation for
6-in. I-beam 7-D-1 appears in Table 4. The con-
stants in Table 4 were those which applied to 6-in.
I-beam 7-D-1 and are not the same as the nominal
values of Eqs. 1, 2, and 3 of Section 4. Deviations
of the calculated loads from the test loads were
caused by an unpredicted deflection of the web
section under the center load and by neglecting
elastic core effects near the neutral surfaces of the
hinges. The load was first calculated using Eq. 20.
The second value of the load was determined using
the true distance through which the load P/2
moved. These two values of load appear at the
bottom of Table 4. The ultimate loads for 3-in.
I-beam 7-D-2 and 6-in. I-beam 7-D-1 were calcu-
lated using the true hinge locations as measured
on the beams and the measured beam dimensions.
The assumption that hinge No. 1 in the lower
left corner of Fig. 2b remained at a fixed distance
above the lower surface of the beam was not justi-
fied in the case of the 6-in. I-beams. Actually, the
beam curved along the lower surface and an up-
ward deflection of 0.04 in. existed at hinge No. 1.
This changed the distance through which the load
3-IN. I-BEAM TYPE NO. 7
Diamond
4,200
8,260
9,760
9,820
229
7.40
2.723
3,030
3,610
49.1
0.100
0.930
930
6-IN. I-BEAM TYPE NO. 7
12,800
23,120
25,370
29,340
181
11.72
7.592
3,050
3,870
58.5
0.115
0.651
566
(a=0=9)
3,910
14.63
2.510
1,560
25.3t
6,420
23.18
6.607
18.6t
Rectangle
3,860
14.69
2.508
1,540*
25.0*
5,840
23.48
6.581
887*
17.0*
moved from 0.51 to 0.55 in. The greater movement
increased the work done by the load. Therefore, the
value of P obtained by equating the external work
with the internal work was reduced proportionately.
The value of P reported in Table 5 was obtained
using the measured displacement of 6-in. I-beam
7-D-1. For 3-in. I-beam 7-D-2 the above correc-
tions were unnecessary.
Web-section buckling in 6-in. I-beam 7-D-1
caused a reduction in the test load below that pre-
dicted by the calculations. The web section im-
mediately below the center of the upper loading
pad experienced local buckling at a point 1.5 in.
below the upper surface of the I-beam. The affected
region was about 1.25 in. wide and 1.0 in. high. The
above factors contribute to the test load of 23,120
lb compared to the predicted load of 25,370 lb.
Two solid web-section I-beams, 3-in. No. 7-S
and 6-in. No. 7-S, failed by buckling under the
upper loading pad accompanied by general yield-
ing of the upper flange. The same span and loading
pad width were used in each case as for the cor-
responding I-beam with the diamond-shape cutout.
The calculated failure loads shown in Table 6
for the solid web-section I-beams were obtained by
assuming the development of fully-plastic hinges.
Since the failure was by general yielding of the
upper flange, accompanied by buckling of the web
section below the upper loading pad, the calculated
Ellipse
2,400
5,850
6,320
6,470
247
11.68
2.597
2,250
2,490
36.5
0.117
1.216
1,039
4,600
12,490
12,410
13,200
272
18.52
7.007
1,780
1,880
34.2
0.112
1.300
1,161
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Fig. 36. Load-Deformation Behavior for 3-in. and 6-in. I-Beams with Diamond-Shape Cutouts
loads exceeded the measured loads. The deviation
was greater for the 6-in. I-beam since the buckling
effect was more pronounced.
14. Comparison of Results for Constant Cutout Length
The data presented in Table 6 are intended to
show a comparison of results for beams of Type 7.
Most of the values also appear in Table 5. It
should be noted that, for both the 3-in. and 6-in.
beams, the solid section is the strongest and has
the least deflection and lowest ratio of ultimate-
load deflection to proportional-limit-load deflection.
The ratio of test load capacity, (P/W),,,tout divided
by (P/W) soli,, shows the marked reduction in
strength of the cutout specimen, dropping to 25.0
and 17.0% for the 3-in. and 6-in. I-beams with
rectangular cutouts. For elliptical cutouts the
values were 36.5 and 34.2%, while they were 49.1
and 58.5% for the diamond-shape cutouts for the
3-in. and 6-in. I-beams, respectively.
The comparison of the actual ultimate load
with the predicted ultimate load obtained by the
calculator for 3-in. I-beam 7-D-2 showed that the
deviation from the test load was +18.2% due to
the tearing of the metal as discussed earlier. The
same comparison for 6-in I-beam 7-D-1 showed a
+9.73% deviation.
Fig. 37. Center Loading Failure of 6-in. I-Beam
with Diamond-Shaped Cutout
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V. CORRELATION OF ILLIAC RESULTS WITH TEST RESULTS
For 6-in. I-beam 7-D-1, the discrepancy be-
tween the ILLIAC value of load and the load ob-
tained in Table 4 was due largely to the difference
in the location of the hinges as determined with the
ILLIAC and as measured on the beam. A compari-
son of the ILLIAC results, using the Upper Bound
Theorem to locate the hinges at a point leading to
a minimum load, with the measured values follow:
Ul U2 U3 U 4
ILLIAC 2.56 3.52 2.48 1.78
Measured 3.00 3.34 2.05 3.18
Deviation, % -14.7 +5.4 +21.0 -44.0
The measured values were located by means of a
2-in. span dial bridge. The hinge was assumed to
exist at the point where the curvature was maxi-
mum. Substitution of the measured hinge values
into the ILLIAC program yielded P = 30,280 lb as
compared with P = 29,340 lb for the minimized
hinge location, indicating that the theoretical hinge
locations lead to a lower minimum. This indicates
that other factors, such as buckling of the web,
influence the failure and location of the hinges of
the test beam. The greatest deviation in hinge loca-
tion occurs at u4 because of the general yielding in
this region.
For 3-in. I-beam 7-D-2, the hinge locations and
the deviations were:
Ul U 2  U 3  U4
ILLIAC 3.68 3.68 3.16 2.56
Measured 3.34 3.34 2.18 3.40
Deviation, % +10.2 +10.2 +45.0 -24.7
Again, substitution of the measured hinge values
into the ILLIAC program yielded P = 10,050 lb
as compared with 9,820 lb for the minimized hinge
locations.
The hinge locations of the elliptical cutout and
the deviations for the 3-in. I-beam were:
1l U2 U 3  U4
ILLIAC 2.90 3.00 2.72 2.58
Measured 3.10 3.18 2.40 2.70
Deviation, % -6.5 -5.7 +13.3 -4.4
The hinge locations of the elliptical cutout and
the deviations for the 6-in. I-beam were:
Ul U 2  U 3  U4
ILLIAC 3.00 3.22 2.96 2.74
Measured 3.35 3.65 2.78 3.23
Deviation, % -10.4 -11.8 +6.5 -15.2
These values are in substantially better agree-
ment than those obtained for the diamond-shape
cutouts primarily because there was no buckling
of the web-section to shift the location of the fully-
plastic region.
Another evaluation of the strength of the
diamond-shape cutout was made by comparing its
strength with that of the elliptical and rectangular
cutouts of equal areas. The following dimensions
give equal areas for each type cutout. With b =
0.875 in., for the 3-in. I-beam aD = 3.75 in., aE
= 2.385 in., and aR = 1.875 in. With b = 2.25 in.
for the 6-in. I-beam, an = 5.00 in., aE = 3.18 in.,
and aR = 2.50 in. The values of (P/W) for aE were
computed using the ILLIAC while the values for
aR were obtained with the desk calculator. These
values of (P/W) for the 3-in. I-beam were (P/W)D
=- 9,820, (P/W)E =- 10,170, and (P/W)R = 8,530
while those for the 6-in. I-beam were (P/W)n =
29,340, (P/W)E = 20,700, and (P/W). = 12,690.
The experimental values were (P/W) = 8,260 and
23,120 for the 3-in. and 6-in. I-beams as reported
in Table 4. Experimental results were not obtained
for the elliptical and rectangular cutouts described
above. The experimental data available in refer-
ences 1 and 2, however, lead to the conclusion that
the experimental values would be approximately
(P/W)E = 9,000 and 19,600 for 3-in. and 6-in.
I-beams, respectively. The experimental values of
(P/W) a would be expected to remain nearly equal
to the predicted values.
The above comparisons show that for 3-in. I-
beams with these particular geometries, the strength
variation between the three shapes of cutouts is
small for equal cutout areas. For the 6-in. I-beams,
the diamond results in the strongest beam for equal
cutout areas.
The greater sensitivity of the 6-in. I-beam to
the cutout shape, for constant area removed, may
be due in part to the difference in distribution of
the total cross-sectional area between the flange
and the web. For the 3-in. I-beam, 82.3% of the
area is contained in the flanges as compared to
70.8% in the flanges of the 6-in. I-beam.
VI. SUMMARY AND CONCLUSIONS
15. Summary of Results
The most important outcome of the series of
tests on beams with rectangular cutouts was the
determination of the elastic and inelastic load-
deflection behavior. The tests also served to verify
the accuracy of the Upper Bound Theorem for
predicting the fully-plastic load-carrying capacity
of 6061-T6 aluminum alloy I-beams. The theory
does not apply where the beam failure results from
buckling or tearing of the upright. Thus, if there
is any uncertainty as to the mode of failure, it is
mandatory that tests shall be conducted rather
than relying on the Upper Bound Theorem.
The results of the tests with elliptical web-
section cutouts helped establish a better under-
standing of the failure mechanisms which might be
expected with a more general cutout contour.
A comparison between the load-carrying ca-
pacity of the I-beams with elliptical web-section
cutouts and that of I-beams with rectangular web-
section cutouts showed very little advantage was
to be gained for pure moment loading, but under
certain types of loading the strength improved
greatly for elliptical cutouts as compared with
rectangular cutouts.
The third phase of the project involved the use
of the above information in developing a suitable
set of mathematical relations to permit program-
ming on the ILLIAC digital computer. The results
of the analysis for a simple beam with elliptic-type
cutouts predicted the diamond-shape cutouts to be
the strongest for center loading when the same
length of cutout was used for all I-beams. The
rectangular, elliptical, and diamond-shape cutouts
are all special cases of the elliptic-type cutout.
A subsequent analysis was conducted for con-
stant web-section area removed from each beam.
This analysis showed the diamond-shape cutout to
be the strongest shape for the 6-in. I-beams, and
indicated that for 3-in. I-beams the shape of the
cutout was not a major factor affecting the
strength. For the 3-in. I-beams the elliptical cut-
out shape yielded the most favorable result among
the rectangle, the ellipse, and the diamond.
The analytical and experimental work on
diamond-shape cutouts did not include multiple
cutouts in either end of the I-beam. Such data
would be useful in extending the knowledge of
inelastic behavior beyond this point. Some work
of this nature has been reported for welded steel
I-beams, (11) where hexagonal cutouts were used.
As stated in Section 2, the report attempts to
answer "What shape cutout results in the least
reduction in fully-plastic load-carrying capacity per
pound of beam weight?" It has not been fully
answered here as much more information is needed
for a complete answer. The reader should keep the
limitations in mind when reviewing the conclusions.
16. Conclusions
The conclusions apply to one specific material,
aluminum alloy 6061-T6, which has a relatively
flat-topped stress-strain diagram and high ductility.
The conclusions cannot be extended to less ductile
aluminum alloys, which may be much more sensi-
tive to stress concentrations, without verification.
Aluminum alloy 2014-T6, for example, proved to
have insufficient ductility to permit good agreement
for one beam configuration.(6)
A. When subjected to center loading, an alumi-
num alloy 6061-T6 I-beam with a single, diamond-
shape, web-section cutout (with end radii) in either
half of the beam exhibits the highest load-carrying
capacity, as compared to the solid web-section
I-beam, of any of the cutout configurations con-
sidered. The above cutouts were of equal length,
neglecting the slight end radii correction for the
diamond-shape cutout.
B. The ultimate load-carrying capacity of
aluminum alloy 6061-T6 I-beams can be predicted
within ±11% by using the Upper Bound Theorem
and the mechanism method of analysis for cutout
configurations which do not result in excessive
stress concentrations or tearing of the metal before
the fully-plastic load can be developed. The test
results show two exceptions to the above statement.
One is 6-in. 5 elliptical cutout; the other is 3-in.
7-D-2. In the case of the 6-in. beam, buckling
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occurred in the web section, while tearing was
observed in the 3-in. beam. Since the Upper Bound
Theorem does not hold for failures of these types,
the predicted load did not fall within 11% of the
test load.
C. The deviation of the predicted load from
the experimental load becomes larger as the transi-
tion is made from the rectangular to the diamond-
shape cutout. This was due to the inability of the
assumed deformation geometry to fit the true de-
formation behavior because of general yielding in
the flange and buckling of the web section under
the center load as the cutout approaches the
diamond shape.
D. On the basis of equal area of cutout, with
a single cutout in each half span, the elliptical cut-
out shape was stronger than the diamond-shape or
the rectangular-shape cutout for the 3-in. I-beams.
For the 6-in. I-beams the diamond-shape cutout
was the strongest for equal cutout areas.
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